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<^ 1 Introduction 

-s, 

We start with a very brief description of the principal events in the history of our 
subject. 

About 1870 M.Noether discovered [N] that the group of birational automor- 
phisms of the projective plane BirP 2 , which is known also as the Cremona group 
CrP 2 , is generated by its subgroup AutP 2 = AutC 3 /C* and any quadratic Cre- 
mona transformation r, which in a certain system of homogeneous coordinates can 
be written down as 

O ! r: ( x o- x 2 ) -> (xix 2 : x x 2 : x Xi). 

OO ■ 

Q\ ■ Noether's arguments were as follows. Take any Cremona transformation 

^— > 

a 

S 

> 

^ ■ prescribed base points ai, . . . , a N , including infinitely near ones. Let i>i, . . . ,u N be 

their multiplicities with respect to the system \x\, and assume that v\ > v 2 > . . . > 
UN- Then, as far as two lines intersect each other at one point, the free intersection 
of two curves of the system \x\ (that is, the intersection outside the base locus) 
equals 1. So 

N 

» 2 (x) = £*? + !■ 

1=1 

Moreover, the curves in \x\ are rational, and nonsingular outside the base locus, and 
so, computing their geometric genus by their arithmetical one, we get 

N 

( n ( x )-l)(n( x )-2) = $X^-l). 



x:P 2 >p2. 

Then either x is a projective isomorphism, or the proper inverse image of the linear 
system of lines in P 2 is a linear system \x\ of curves of the degree n(x) > 2 with 
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It is easy to derive from these two equalities that N > 3 and the first three greatest 
multiplicities satisfy the Noether's inequality 

v\ + V2 + ^3 > n- 

Now, if ai, 02,03 lie directly on the plane P 2 (i.e., among them there are no 
infinitely near points), then we can take the composition 

X r:P 2 >P 2 , 

where r is a quadratic transformation constructed with respect to the triplet (ai, a 2 , a 3 ) 
Let us prove that n(x r ) < n (x)- 

Indeed, the degree of a curve is the number of the points of intersection with a 
line. But the points of intersection of a generic line L and a curve C from \x r \ are 
in 1-1 correspondence with the points of free intersection of their images t(L) and 
r(C). But t(L) is a conic passing through 01,02,03, whereas r{C) G \x\- Thus the 
intersection number equals 

2n(x) - v\ - v 2 - z/ 3 < n. 

Proceeding in this manner, we "untwist" the "maximal" triplets until we come to 
the case n(x) = 1. Noether's theorem would have been proved but for the maximal 
triplets which include infinitely near points, when Noether's arguments do not work. 
It took about 30 years to complete the proof. 

The second part of our story begins in the first years of the present century, 
when G.Fano made his first attempts to extend two-dimensional birational methods 
to three-dimensional varieties [Fl,2]. 

He started with trying to describe birational correspondences of three-dimensional 
quartics V4 C P 4 . His choice of the object of study was really the best: up to this 
day, the quartic is one of the principle touchstones for multi-dimensional birational 
constructions. 

Reproducing Noether's arguments, Fano considered a birational correspondence 
X' V — — — > V between two smooth three-dimensional quartics and, taking the 
proper inverse image \x\ of the linear system of hyperplane sections of V C P 4 , 
came to the following conclusion. Either \x\ is cut out on V by hyperplanes, and 
then x is a projective isomorphism, or \x\ is cut out on V by hypersurfaces of the 
degree n(x) > 2, and then the base locus |x| satisfies certain conditions, similar to 
the Noether's inequality. These conditions are now called the Fano's inequalities. 
Fano asserted that, if n(x) > 2, then something like one of the following two cases 
happens: 

either there is a point x e V such that mult x \x\ > 2n, 
or there is a curve C C V such that mult c \x\ > n. 
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It should be admitted that Fano never asserted that only these two cases are 
possible. He gives the following example: a base point x G V and a base line 
L C E, where E C V is the exceptional divisor of the blowing up of x, satisfying 
the inequality 

mult-E \x\ + multi \x\ > 3n. 

But the general level of understanding and technical weakness of his time prevented 
him from giving a rigorous and complete description of what happens when n(x) > 2. 

Then Fano asserted that none of his conditions can hold. It is really amazing, 
that practically all of his arguments being absolutely invalid, this very assertion is 
true. (It is still more amazing that this was very often the case with Fano: wrong 
arguments almost always led him to deep and true conclusions.) For instance, to 
exclude the possibility of a curve C with multc \x\ > n i ne employs the arguments 
of arithmetic genus of a general surface in \x\- It seems that Fano tried to reproduce 
Noether's arguments which used the genus of a curve in \x\- However, Iskovskikh 
and Manin found out that these arguments actually lead to no conclusion [IM]. 

Being sure that the case n(x) > 2 is impossible, Fano formulated one of his 
most impressive claims: any birational correspondence between two non-singular 
quartics in P 4 is a projective isomorphism. In particular, the group of birational 
automorphisms Bir V = Aut V is finite, generically trivial, and V is nonrational. 

In this way Fano did a lot of work in three-dimensional birational geometry 
[F3]. He gave a description (however incomplete and unsubstantiated) of birational 
correspondences of three-dimensional cubics, complete intersections V2.3 in P 5 and 
many other varieties. A lot of his results has not been completed up to this day. 

However, because of the very style of Fano's work, his numerous mistakes and, 
generally speaking, incompatibility of his geometry with the universally adopted 
standards of mathematical arguments, his ideas and computations had been aban- 
doned for a long period of about twenty years. 

In late sixties Yu. I. Manin and V. A. Iskovskikh in Moscow (after a series of papers 
on two-dimensional birational geometry) started their pioneer program in three- 
dimensional birational geometry. As a result, in 1970 they developed a method which 
was sufficiently strong to prove the Fano's claim on the three-dimensional quartic 
[IM]. We shall refer to this method as to the method of maximal singularities. By 
means of this method Iskovskikh proved later a few more Fano's claims and corrected 
some of Fano's mistakes [I]. In seventies-eighties several students of Iskovskikh - 
A.A.Zagorskii, V.G.Sarkisov [SI, S2], S.L.Tregub [Tl, T2], S.I.Khashin [Kh] and 
the author [P1-P5] - had been working in this field, trying to describe birational 
correspondences of certain classes of algebraic varieties. Sometimes, although not 
very often, their work was successful: the method of maximal singularities was 
extended to a number of classes of varieties, of arbitrary dimension and possibly 
singular, including a big class of conic bundles. The well-known Sarkisov program 
[Rl, CI] was born in the framework of this field, too. At the same time, the method 
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really works only for varieties of a very small degree. One must admit that at present 
we have no good method for studying birational geometry of multi-dimensional Fano 
varieties and Fano fibrations. 

Nevertheless, the results obtained by means of the method of maximal singu- 
larities can not be proved at present in any other way (see [K] for an alternative 
approach in the spirit of p-characteristic tricks). 

This paper is an extraction made from the lectures given by the author during 
his stay at the University of Warwick in September-December 1995. Since [IP] has 
been published, it makes no sense to reproduce all the details of excluding/untwisting 
procedures here. At the same time, [IP] was actually written in 1988. After that the 
real meaning of the "test class" construction became clearer, and some new methods 
of exclusion of maximal singularities appeared [P5,6]. The aim of the present paper 
is to give an easy introduction to the method of maximal singularities. We restrict 
ourselves by explanation of crucial points only. The principal and most difficult 
part of the method - that is, exclusion of infinitely near maximal singularities, - is 
presented here in the new form, simple and easy. This version of the method has 
never been published before. 

I would like to express my gratitude to Professor M.Reid who invited me to the 
University of Warwick and arranged my lecture course in birational geometry. I am 
thankful to all the staff of the Mathematics Institute for hospitality. 

I would like to thank Professor V.A.Iskovskikh, who set up before myself the 
problem of four-dimensional quintic in 1982 and thus determined the direction of 
my work in algebraic geometry. 

I am grateful to Professor Yu.I.Manin for constant and valuable support. 

The author was financially supported by International Science Foundation, grant 
M9O000, by ISF and Government of Russia, grant M9O300, and Russian Funda- 
mental Research Fund, grant 93-011-1539. 

2 Maximal singularities of birational maps 

Fix a projective Q-factorial variety V with at most terminal singularities over the 
field C of complex numbers. 

2.1 Test pairs 

Definition. A pair (W, Y), where W is a projective variety such that dimVU = 
dim V, codim Sing W > 2 and Y is a divisor on W is said to be a test pair, if the 
following conditions hold: 

a) \Y\ is free from fixed components, 

b) there exists a number a G R + such that for any (3 > a, f3 G Q the linear system 

\M(Y + (3K W )\ 
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is empty for M G Z+, M/3 G Z (the adjunction break condition). 

The minimal a G R + satisfying the condition b) is said to be the index (or 
threshold) of the pair (W, Y). We shall denote it by a(W, Y). 

Our aim is to study the maps 

X : V >W. 

Examples 

We list the types of varieties, which were among the principal objects of (more or 
less succesful) study by means of the method of maximal singularities during the 
last twenty five years: 



- a smooth quartic 14 C P 4 ; 

- a complete intersection V2.3 C P 5 ; 

- a singular quartic x G V4 C P 4 ; 



- a smooth hypersurface Vm C P 



- a double projective space a : V 
Z 2n CP" 



P n branched over a smooth hypersurface 



Now let us give the principal examples of test pairs, explaining briefly what do 
we need them for. 

(P™, hyperplane) - to decide whether V is rational; note that the index of this 
pair is equal to l/(n + 1); 

(</? : W — > S - a Fano fibration, Y = (/? _1 (very ample divisor on S)) - to decide 
whether there are structures of Fano fibrations on V; for instance, take a conic bun- 
dle or Del Pezzo fibration; the index here is obviously zero; 
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(V, (—MKy)) - to describe the group BirV and to give the birational classifica- 
tion within the same family of Fano varieties. 

The first step 

Assume that there exists a birational map 

X : V > W. 

Take the proper inverse image \x\ C \D\ of the linear system \Y\ on V. Denote by 
Bs |x| its base subscheme. 

This system \x\ and this subscheme Bs |x| are the principal objects of our study. 

2.2 The language of discrete valuations 

We shall remind briefly the necessary definitions and facts about discrete valuations. 
For more details see [P5,6]. 

Let X be a quasi-projective variety. 

Denote by A/"(X) the set of geometric discrete valuations 

v ■. c(xy -> z, 

which have a centre on X. If X is complete, then M{X) includes all the geometric 
discrete valuations. The centre of a discrete valuation v e A/"(X) is denoted by 
Z(X,u). 

Examples. (1) Let D C X be a prime divisor, D <£_ SingX. Then D determines 
a discrete valuation 

v D = ord D . 

(2) Let B C X be an irreducible cycle, B <f_ SingX. Then B determines a discrete 
valuation: 

u B (f) = mult B (/) - mult B (/)oo- 

Note that if a B : X(B) -> X is the blowing up of B, E(B) = a^{B) is the 
exceptional divisor, then 

where C(X) and C(X(B)) are naturally identified. 

Definition. Let v £ A/"(X) be a discrete valuation. A triplet (X,tp,H), where 
ip : X — > X is a birational morphism, H <f_ SingX is a prime divisor, is called a 
realization of v, if v — v H . 

Multiplicities 

Let v G J\f(X), J C Ox be a sheaf of ideals. 

Definition. The multiplicity of J at v equals 

v{J) = multtf (p*J, 
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where (X, tp, H) is a realization of v. 

Let |A| C \D\ be a linear system of Cartier divisors, £(|A|) C O x (D) be the 
subsheaf generated by the global sections in | A | . Set 

J{\\\) = C{\\\)®O x {-D)cO x . 

Obviously, J7"(|A|) is the ideal sheaf of the base subscheme Bs |A|. 
Definition. The multiplicity of |A| at v equals 

v{\\\) = v{J{\\\)\ 
Now let X be (Q-)Gorenstein, n : X± — > X be a resolution. Then 

K Xl =7r*K x + J2d i E l 

i 

for some prime divisors £j C Ai. Take a realization (X,ip,H), of v e A/^Xl) = 
M{X). Then we get an inclusion 

and the following ideal sheaf on X: 

X(Xi, </?) = u\ <S> (f*uj Xl ^ O x . 

Definition. The canonical multiplicity (discrepancy) of v is equal to d iy if z/ = 

z/ S -, and to 

K{X, v) = mu\t H K(X 1: if) + ]T div{Ei), 

i 

otherwise. 

Example. Let B C X, B SingX be an irreducible cycle of codimension> 2. 
Then 

vb(J) = mults J, 
vb(\M) = mult B |A|, 
K(X,v B ) = codimE - 1. 

2.3 Maximal singularities 

Let us return to our variety V and birational map x '■ V ~ ~ ~^ W. Denote by 
n(x) the index (threshold) of the pair (V,D). 

Definition. A discrete valuation v e A/"(V) is said to be a maximal singularity 
of X) if the following inequality holds: 

u(\ X \)>n(x)K(V,u). 
Theorem 2.1 Either a(V,D) < a(W, Y), or x has a maximal singularity. 
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Proof: see [P5,6]. It is actually so easy that can be left to the reader as an 
exercise. The idea of the proof can be found in any paper concerned with these 
problems (for instance, [IM,I,P1,IP]). Just keep in mind that the proof should not 
depend upon resolution of singularities. 

Example. Let V be smooth with Pic = ZKy and assume that the anticanonical 
system | — Ky\ is free. Then 

|x| C | - n(x)K v \, 

and for a birational automorphism \ £ BirV^ either n(x) — 1, or x has a maximal 
singularity. 

Maximal cycles 

Let V be non-singular. 

Definition. An irreducible cycle B <f_ Sing V of codimension> 2 is said to be a 
maximal cycle, if z/g is a maximal singularity. Explicitly: 

mults |x| > n(x)(codimi? — 1). 

Definition. A maximal singularity v £ N{V) is said to be infinitely near, if it 
is not a maximal cycle. 

Remark. The meaning of these two definitions is to separate "shallow" maximal 
singularities, which are not very far from the "ground" V, and "deep" ones, which 
take a lot of blow-ups to get to them. When V is singular, these definitions should 
be modified slightly by adding some valuations sitting at singularities (see [P3,6]). 



3 The untwisting scheme 

Assume that a(v, D) > a(W, Y). Then \ has a maximal singularity. The untwisting 
scheme gives an idea of simplifying x according to its maximal singularities. 



3.1 Basic Conjecture 

We say that V satisfies the Basic conjecture, if for any x : V — — — > W in the 
hypothesis of Theorem ^T] we can replace the words "maximal singularity" by the 
words "maximal cycle": if 

a(v,D) > a(W,Y), 

then x has a maximal cycle. 



3.2 Excluding maximal cycles 

Assume that V satisfies the Basic conjecture. Then the first thing to be done is to 
describe all the cycles B C V which can occur as maximal. In other words, all the 
cycles B such that for some D £ Pic V 

\D - uB\ 
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is free from fixed components for some 

v > (codimE - l)a(V,D). 

3.3 Untwisting maps 

The second step of the scheme is to construct an automorphism r B G Bir V for each 
B singled out at the previous step. The cycle B should be maximal for t b . 

3.4 Untwisting 

If B is maximal for x '■ V W, take the composition 

X°t b :V > W. 

It should turn out that 

n(x°T B ) < re- 
iterating, we come to a sequence of cycles B±, . . . , B^ such that 

n(x ° r Bl o . . . o T Bk ) < a(W, Y). 

3.5 Birationally rigid varieties 

Informally speaking, V is birationally rigid, if the untwisting scheme works on it. 

Definition. V is said to be birationally rigid, if for any test pair (W, Y) and 
any map X'-Y — — — > W there exists x* G Bir V such that 

n( X o X *)<a(W,Y). 

If, moreover, BirV = AutV, then V is said to be birationally superrigid. 

Remark. The untwisting scheme, when it works, gives not only the fact of 
birational rigidity, but also a set of natural generators of the group Bir V - that is, 
the maps r B . 

Proposition 3.1 Assume that V is birationally rigid and PicV = Z. Then V has 
no structures of Fano fibrations. 

Proof. Assume that there is a map 

X : V >W, 

where p : W — > S is a Fano fibration. Take Y to be where Q C S is a very 

ample divisor. Then 

n(x°X*) = 

for some x* G Bir V, so that 

\X°X*\ G | -n(x°X*)K v \ = 1 1 . 

Contradiction. 

In particular, V has no structures of a conic bundle or a Del Pezzo fibration. 
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4 Excluding maximal cycles 

We show by example how it is to be done. A lot of other examples can be found in 
the original papers [IM, I, Pl-6, IP]. 

4.1 Double spaces 

Let cr : V — > P m D Wi m be a smooth double space of the index 1, m > 3, branched 
over a smooth hypersurface W of the degree 2m. Let \x\ C | — nK v \ be a system 
free from fixed components. 

Theorem 4.1 \\\ has no maximal cycles. 

Corollary 4.1 Modulo Basic conjecture V is superrigid. 

Proof. It breaks into two parts: we exclude maximal points and maximal cycles 
of positive dimension separately. 

4.2 Points 

Obviously, a point x G V cannot be maximal: take a plane P 3 x = cr(x), then 
P = (T _1 (P) is a nonsingular surface, \x\p has no fixed curves, so that for any 
Di,D 2 E \ X \p 

(D 1 ■ D 2 ) = In 2 . 
But mult x Di > 2n : a contradiction. 

4.3 Curves 

Proposition 4.1 For any curve C C V 

multc |xl ^ n - 

Obviously, our theorem is an immediate consequence of this fact. 

Proof of the Proposition. Let us consider the following three cases: 

(1) C = o-\C),C<£W; 

(2) C = (7(C) C W; 

(3) a : C -> C is birational, C<£W. 
The easy first case. 

Take a generic line L intersecting C, L — o" _1 (L) is a smooth curve. The linear 
series 

Ml 

is of the degree 2n and has > 2 pointsG a~ x [L fl C) of the multiplicity multc 
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The second case, not very difficult. 

Take a generic point x G P m and the cone Z(x) over C with the vertex x. Then 
Z(x) fl W = C U -R(x), where the residual curve R(x) intersects C at degi?(x) 
different points (see [P5]). Let R(x) be the curve a~ 1 (R(x)), then a : i?(:r) — * R(x) 
is an isomorphism, and 

is a linear series of the degree ndeg_R(x) which has deg_R(a;) base points of the 
multiplicity multc 

The non-trivial third case. 

Again take a generic point x G P m and the cone Z{x) over C with the vertex x. Let 

up : X -> P m 

be the blowing up of a; with the exceptional divisor so that the projection 

7i : X -> P" 1 - 1 = E 
is a regular map, X being a P 1 -bundle over Let 

a : Q -> C 

be the desingularization of C, 

S = Q x X 

be a P 1 -bundle over Q. Obviously, NumS* = A 1 ^) = Zf © Ze, where / is the class 
of a fiber and e is the class of the exceptional section coming from the vertex of the 
cone. Obviously, f 2 — 0, (/ • e) = l,e 2 = — d, where d = degC" = deg7r(C'). Let h 
be the class of a hyperplane section, h 2 = d, so that h — e + df. 

Denote by C the inverse image of C on S. Obviously, its class c equals h. 

For a generic point x the set <r _1 (Z(x)) fl Bs |x| contains at most two curves: C 
itself and the other component of a" 1 ((7); moreover, the inverse image W of W on 
»S is a non-singular curve. 

Now let us take the surface S = S y~z(x) V, that is, the double cover of S with 
the smooth branch divisor W. Denote the image of C on S by C again, the other 
component of cr" 1 (C') on S by C*. The inverse image of the linear system \x\ on 
S has at most two fixed components C, C* of the multiplicities v, v*, respectively. 
Therefore the system \nh — uc — uc*\ is free from fixed components, and we get the 
following inequalities: 

({nh -vc- v*c*) • c) > 0, 
(inh-vc-v*c*)-c*) > 0. 
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It is easy to compute the multiplication table for the classes h, c and c*. The only 
necessary intersection number (the other are obvious) is 

(c-c*) s = ^{c-w)s = md. 
Now we get the following system of linear inequalities: 

(n-v*) + (m-\)(y-v*) > 0, 

(n-v) + (m-l)(u*-u) > 0. 

If, for instance, v > v* , then by the second inequality v < n. By symmetry we are 
done. Q.E.D. 

4.4 The general idea of exclusion 

It is very simple: to construct a sufficiently big family of curves or surfaces intersect- 
ing the cycle being excluded at as many points as possible (or containing it) and, at 
the same time, having as small "degree" as possible. 

Then we restrict our linear system to such a curve or surface and get a contra- 
diction. 

4.5 What do we know about maximal cycles 

They do not exist: 

for smooth hypersurfaces of the degree M in P M , M > 4[P5]; 

for smooth double spaces V 2 — > ~P M Z> W 2M ,M > 3: [I] for M = 3, [P2] for 
M > 4, see also [IP] (and for slightly singular as well [P6]); 

for smooth double quadrics V 4 — > Q 2 C P M+1 , branched over Q 2 n W 2M -2,M > 4 
[P2], see also [IP]. 

For a singular quartic V4 C P 4 with a unique double singular point x there can 
be only 25 maximal cycles: either x itself, or one of 24 lines on V, containing x. 
Moreover, a maximal cycle is always unique [P3]. 

For a double quadric a : V4 — > C P 4 , branched over Q2 H W4, there can be at 
most one maximal cycle, that is, a line L C V, (L • K v ) = —1, a(L) <f_ W4 [I, IP]. 

For a complete intersection V = V2.3 = Q2 H Q3 C P 5 a maximal cycle -B is a 
curve: either a line L, or a smooth conic Y such that the unique plane P(Y) D Y is 
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contained in the quadric Q 2 . Moreover, there can be at most two maximal curves, 
and if there are exactly two maximal curves, then they are lines L\ and L 2 such that 
the unique plane P(L\ U L 2 ) D (Li U L 2 ) is contained in Q 2 [I, IP]. 

5 Untwisting maximal cycles 

We give a simple example of untwisting (probably the simplest one): the untwisting 
procedure for the maximal singular point x G V4 C P 4 on a singular quartic V [P3] . 

5.1 Construction of the untwisting map 

Let 7r : V^\{x} — > P 3 be the projection from x, deg7r = 2. Then the untwisting map 

r : V — > V permutes the points in the fibers of n. 

Let a : V — > F be the blowing up of x, E — a^ 1 (x) = P 1 x P 1 be the exceptional 
divisor, Li, i — 1, ... , 24, be the proper inverse images of lines on V, passing through 
x. 

Lemma 5.1 r extends to an automorphism of 

V \ (J L i- 

l<i<24 

Its action on Pic V = Zh © Ze is given by the following relations: 

T *h = Zh - 4e, 
r*e = 2h- 3e. 

Proof, it extends to a morphism V — > P 3 of the degree 2. It is not well-defined 
only on the one-dimensional fibers, which are exactly the 24 lines Lj. 

Thus r is an automorphism of the complement of a set of codimension 2, so that 
its action r* on Pic V is well-defined. 

Obviously, for any plane PcP 3 its inverse image 7r _1 (P) represents an invariant 
class, 

t* (h — e) — h — e. 

Furthermore, tt(E) is a quadric in P 3 , rr(H) is a quartic in P 3 , where H C V" is a 
hyperplane section disjoint from E 1 . Thus 

e + r*e = 2(/i - e), 

h + T *h = A{h-e). 

Q.E.D. 
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5.2 Untwisting 

Let X'-V — — — > W be our birational map. We define the number i/ x (x) G Z + in 
the following way: the class of the proper inverse image of the linear system \x\ on 



The condition "the singular point x is maximal for means that 

Vx(x) > n(x)- 
Now consider the composition x° r '■ V — — W. 

Lemma 5.2 (%) n(x o r) = 3n(x) - 2z/ E (x). 
(H) "x(x °t) = 4n(x) - 3v x (x). 

Proof. Since r is an automorphism in codimension 1, we can write down 



Applying the formulae, obtained in the previous section, we get our Lemma. 

Now if x is a maximal point for x, then v x {x) > n(x), so that n(x ° t) < n(x) 
and v x {x ° t) < n(x ° t), and x is no longer a maximal cycle. 

The maximal cycle x is untwisted. 

6 Infinitely near maximal singularities. I 

The techniques necessary to exclude infinitely near maximal singularities is devel- 
oped. 

6.1 Resolution 

Let X be any quasi-projective variety, v e M{X) be a discrete valuation, B = 
Z(X,v) <£ SingX,codi mJ B > 2. 

Proposition 6.1 Either v = v B , or for the blow up 



we get: v e Af(X(B)), Z(X(B), v) C -E'(-B) an irreducible cycle of codimensiori> 2 
and 



Vb is 



n{x)h- u x (x)e. 




a B : X(£?) ^ X, 



E(B)=<Tb\B), 



a B (Z(X(B),u)) = B. 
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Proof: easy. 

Consider the sequence of blow ups 

y?i,j-i ; Xi — > Xi_i, 

i > 1, where X = X, (fi^-i blows up the cycle = Z(Xj_i, z/) of codimension> 2, 
E i = <p£_ 1 (B i - 1 )cX i .' 
Set also for i > j 

V<j = <Pj+hj ° • • • ° : X% -»• -X'j, 

For any cycle (...) we denote its proper inverse image on X; L by adding the upper 
index i: (. . .)\ 

Note that (pij(Bi) = Bj for i > j. 

Note also that although all the X's are possibly singular, B-i <f_ SingXj for all %. 

Proposition 6.2 This sequence is finite: for some K G Z + the triplet (X K , <£k,o, Ek) 
realizes v, v — v Ek . 

Proof: see [P6] or prove it yourself (it is easy). 

Definition. The sequence ipi t i-±,i = 1, . . . , K, is said to be the resolution of the 
discrete valuation v (with respect to the model X). 

6.2 The graph structure 
Definition. For fi,ue -Af(X) set 

/i < v 

X 

if the resolution of /x is a part of the resolution of v. 
In other words, for some L < K 

(X L) <p Lfi , E L ) 

is a realization of /i. 

Definition. We define an oriented graph structure on J\f(X), drawing an arrow 
from v to /i, 

x 

if n<v and B K _ X C .Bf -1 . 

Denote by P(^, /i) the set of all paths from v to fi in A/"(X), which is non-empty 

if and only if v > ji. Set 

x 

p{v,n) = \P(v,n)\, 

if v ^ /i, and p(u, v) = 1. Set Af(X, v) to be the subgraph of J\f{X) with the set of 
vertices smaller (or equal) than v. 
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6.3 Intersections, degrees and multiplicities 

Let B C X, B <f_ SingX be an irreducible cycle of codimension> 2, a B : X(B) — > X 
be, as usual, its blowing up, E{B) = a B l (B) be the exceptional divisor. Let 

Z = ^rriiZi, 

Zi C E(B) 

be a fc-cycle, k > dimB. We define the degree of Z as 

degZ = J2m t deg (z^a^)) , 

i 

where b G B is a generic point, <r^ 1 (6) = p 00 * 1 " 115 - 1 anc l the right-hand side degree 
is the ordinary degree in the projective space. 

Note that degZi = if and only if as{Zi) is a proper closed subset of B. 

Our computations will be based upon the following statement. 

Let D and Q be two different prime Weyl divisors on X, D B and Q B be their 
proper inverse images on X(B). 

Lemma 6.1 (i) Assume that codimi? > 3. Then 

D B • Q B — (D • Q) B + Z, 

where • stands for the cycle of the scheme-theoretic intersection, Supp Z C E(B), 
and 

mn\t B (D»Q) = (mult b D) (mult bQ) + deg Z. 

(ii) Assume that codimi? = 2. Then 

D B • Q B = Z + Z u 

where Supp Z C E(B),Supp o~b(Zi) does not contain B, and 

D»Q = [{mult B D)(umlt B Q)+ deg Z]B + (a B ),Z 1 . 

Proof. Let b G B be a generic point, S 3 b be a germ of a non-singular 
surface in general position with B, S B its proper inverse image on X(B). We get 
an elementary two-dimensional problem: to compute the intersection number of two 
different irreducible curves at a smooth point on a surface in terms of its blowing 
up. This is easy. Q.E.D. 

Multiplicities in terms of the resolution 

We divide the resolution y^i-i : Xi — ■> X^\ into the lower part, % — 1, . . . , L < K, 
when codim_Bj_i > 3, and the upper part, i = L + 1, . . . , K, when codimi?j_i = 2. 
It may occur that L = K and the upper part is empty. 

Let |A| be a linear system on X with no fixed components, |Ap its proper inverse 
image on Xj. Set 

Vj = mu\t Bj _ 1 |A| J_1 . 
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Obviously, 

3 
i=l 

and 

3 

K(X,v E .) = 5^p(i/ Bj .,i/£j.)(codimS i _i - 1). 
i=i 

For simplicity of notations we write 

% -> j 

instead of 



Now everything is ready for the principal step of the theory. 



7 Infinitely near maximal singularities. II. 
The principal computation. 

We prove the crucial inequalities which enable us to exclude infinitely near maximal 
singularities for the cases of low degree. 

7.1 Counting multiplicities 

Let Di,D 2 G |A| be two different generic divisors. We define a sequence of co dimen- 
sion 2 cycles on X^s setting 

D 1 • D 2 = Z , 
D\*D 2 2 = Zl + Z l , 

D\.D\ = {D\- X .D\- X y + Z^ 
■ ■ ■ i 

where Zj C Thus for any i < L we get 

D\* D\ = Zi + Z\ + . . . + Z\_ x + Z,. 
For any j > i,j < L set 

rriij = multB^^Zf -1 ) 

(the multiplicity of an irreducible cycle along a smaller cycle is understood in the 
usual sense; for an arbitrary cycle we extend the multiplicity by linearity). 

The crucial point 

Lemma 7.1 If m it j > 0, then i — > j. 

Proof. If rriij > 0, then some component of Z/ -1 contains Bj-i. But Z/ _1 C 
E{-\ Q.E.D. 



17 



Degree and multiplicity 

Set di = deg Z^. 

Lemma 7.2 For any i > 1, j < L we have 

rriij < di. 

Proof. The cycles B a are non-singular at their generic points. But since (p a ,b '■ 
B a — > Bb is surjective, we can count multiplicities at generic points. Now the 
multiplicities are non- increasing with respect to blowing up of a non-singular cycle, 
so we are reduced to the obvious case of a hypersurface in a projective space. Q.E.D. 



Now 



The very computation 

We get the following system of equalities: 

v\ + d x = m ,i, 

v\ + d 2 = m 0) 2 + mi )2 , 

vl + di = ra ,j + . . . + m M _i, 

v 2 L + d L = m 0>L + ... + m L _i iL . 

i=L+l i=L+l 

Definition. A function a : {1, . . . , L] — > R + is said to be compatible with the 
graph structure, if 

a(i) > E a C?) 

for any « = 1, . . . , L. 

Examples: a(i) —p(L,i), a(i) —p(K,i). 

Theorem 7.1 Let a(-) be any compatible function. Then 

L L K 

E a ^) m ^ > E a (*K ? + E 

j=l i=l i=L+l 

Proof. Multiply the i-th equality by a(i) and put them all together: in the 
right-hand part for any i > 1 we get the expression 



E a U) m i,j = E a U) m i,j < d i E a ti) ^ a (i) d i 

j>i+l 
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In the left-hand part for any i > 1 we get 

a{i)di. 

So we can throw away all the rrii^,i > 1, from the right-hand part, and all the 
di,i > 1, from the left-hand part, replacing = by <. Q.E.D. 

Corollary 7.1 Set m = m ,i = multB (.Di mD 2 ),Di G |x|. Then 

\i=\ ) i=l i=L+l 

7.2 Applications 

Corollary 7.2 Set n = p(K,i). Then 




Proof: for i > L + 1 obviously < r L . Q.E.D. 

Corollary 7.3 (Iskovskikh and Manin [IM]). Let dimV — 3, v e A/"(V) &e a max- 
ima/ singularity such that Z(V, v) = x - a smooth point, m = mult^ C, where the 
curve C = {D\ • D 2 ) is the intersection of two generic divisors from \x\, n = n(x) 
and assume \ — K v \ to be free. Then 

m E r i ) ( E r i ) > n2 2 E r i + E r H • 

\j=l / \i=i / y i=i i=L+l J 

In particular, m > An 2 . 

Proof. It follows immediately from the fact that v is a maximal singularity and 
the previous Corollary. Let us prove the last statement. Denoting 

L K 
i=l t=L+l 

by S , Si, respectively, we get 

4S (S + S 1 ) < (SX + 2SQ) 2 , 
and that is exactly what we want. 

Corollary 7.4 (Iskovskikh and Manin [IM]). The Basic conjecture for a smooth 
quartic V C P 4 is true. 

Proof. Obviously, m < 4n 2 . It is a contradiction with the previous corollary. 
Since it is easy to show that on V4 \x\ has no maximal cycles ([IM] or [P5]), we 

get 

Corollary 7.5 (Iskovskikh and Manin [IM]). A smooth three-dimensional quartic 
V C P 4 is a birationally superrigid variety. 



19 



8 The Sarkisov theorem on conic bundles 



We give an extremely short version of the proof of the Sarkisov theorem [SI, 2]. The 
idea of the proof is essentially the same as in these well-known Sarkisov's papers. 
At the same time our general viewpoint of working in codimension 1 makes the 
arguments brief and very clear. 

8.1 Formulation of the theorem 

Let S be a smooth projective variety, dimS 1 > 2,8 be a locally free sheaf on S, 
rk£ = 3. Let 

X C P(£) A S 

be a standard conic bundle, that is, a smooth hypersurface with 

PicX = ZK X © 7T* Pic S. 

Denote by C C S the discriminant divisor. Note that C has at most normal cross- 
ings, the fiber over any point outside C is a smooth conic, the fiber over generic 
point of any component of C is a pair of distinct lines, and the inverse image of any 
component of C on X is irreducible. 

Let r : V — > F be another conic bundle of the same dimension (not necessarily 
smooth). 

Theorem 8.1 If \AK S + C\ ^ 0, then any birational map 

x--x >v 

transfers fibers into fibers, that is, there exists a map x '■ S — — — > F such that 

tox = X°k. 

8.2 Start of the proof 

Denote by 

T = {C u \u E U} 

the proper inverse image of the family of conies r _1 (g), q e F, and by 

f = {C u = n(C u )\u E U} 

its image on the "ground" S. When some birational operations are performed with 
respect to these families, the parametrizing set U is to be replaced by some dense 
open subset; but for brevity we shall just keep it in mind and use the same symbol 
U, meaning it to be as small as necessary. 

Let cr : S* — > S be a birational morphism such that: 

(1) S* is projective and non-singular in codimension 1; 

(2) the proper inverse image 
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of the family T on S* is free in the following sense: for any cycle Z C S* of 
codimension> 2 a general curve L u does not meet Z. Existence of such a morphism 
a can be proved quite elementary without use of the Hironaka theory (see [P6]). Set 

P* = P(a*£), 

X* = X x s S* c P*, 

X* being a singular conic bundle over S*. For simplicity of notations the natural 
morphisms of X* to S*, X will be denoted by ir, a respectively, and the map x ° a 
just by x- 

Proposition 8.1 There exist: a closed subset Y C S* of codimension> 2, a non- 
singular conic bundle 

7T : W -> S*\Y 
with the non-singular discriminant divisor 

C* C S*\Y 

and 

PicW ^ ZK^ ©7T*Pic 5*, 

and a fiber-wise map 

A : X* > W, 

7r o A = 7r. Moreover, 

\4K S * +C*\ ^0. 

Proof. We obtain by means of fiber-wise restructuring of X* over the prime 
divisors T G S* such that codima(T) > 2. If t G C(S'*) is a local equation of T on 
5*, then at the generic point of T the variety X* is given by one of the two following 
types of equations: 

case 1: x 2 + t k ay 2 + t l bz 2 , k < I, 

case 2: x 2 + y 2 + t k az 2 , 

where (x : y : z) are homogeneous coordinates on P 2 , and a, b are regular and 
non-vanishing at a generic point of T. In the case 1 for k > 2 the variety X* has 
a whole divisor of singular points, that is, 7r _1 (T). Blow it up [k/2] times. Now 
in both cases the singularity of our variety over T is either of the type A n or of 
the type D n . Blowing up the singularities, covering T, and contracting afterwards 
(—1)— components in fibers, we get the Proposition. The last statement is easily 
obtained by computing the discrepancy of vt on S. 
Denote x ° by x '■ W ~ ~ ^ V again. 

Let Z C W x V be the (closed) graph of x, V 9 an d ip be the projections (birational 
morphisms) onto W and V, respectively. Obviously, Z is projective over W. 
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Proposition 8.2 For any closed set Y* D Y of codimension> 2 there exists an 
open set U C F such that 

^-\-\U) C V -\-\S*\Y*) 

and ip~ l T~ l {U) is projective overT~ l {U) C V. 

Proof: it follows immediately from the fact that the family of curves T* is free 
on S*. 

8.3 The test surface construction 

Now let | if* | be any linear system, which is the inverse image of a very ample linear 
system on F, and |x| be its proper inverse image on W. Write down 

|x| C | — fiK w + n*A\ 

for some ji G Z + and A G PicS**. If fj, — 0, we get the statement of the Theorem. 
So assume that /i > 1. 

Let us show that this is impossible. 

In the notations of the last Proposition, set Q = ^^^(U). Obviously, we may 
assume that 

7p : Q -> t~\U) C V 
is an isomorphism. For a generic conic R u ,u G U, 

(H* ■ R u ) = 0, 

(K v ■ R u ) = -2. 

So the same is true on Q. Thus for some prime divisors 7\, . . . , T m C Q we get 

(m \ 
{-W*K W + v^*7r*A - p ai T t ) ■ ^~\R u )j = 0, 



\{V*K W + J2^T t ) ■ r\Ru)j =-2. 
Making the set U smaller if necessary, we may assume that 

(TW" 1 ^)) > 1 

for all i. Thus the cycles 

7T O <f(Ti) 

have codimension 1 in S* and Tj's can be realized by the successions of blow-ups 

U U 

Ef — S^x, 
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where = <p(Ti), B^ covers B^\E^^ = T { . Since |x| has no fixed components, 

deg(B^l 1 — > Bf) = 1 and the corresponding graph of discrete valuations is a chain. 
Taking the union of these blow-ups (that is, throwing away some more cycles of 
codimension 2 from S*), we get on Q that 



(0 



whereas the canonical divisor on Q is equal to 

<p*K w + J2E?\ 

Consequently, as far as fj, > 1, the divisor 



<p*>K*A-Y,{yij-ii)E. 



(0 



hJ 



intersects ip 1 (R U ) negatively. Of course, we may assume that 

Vi,K{i) > At + 1 

for alH = 1, . . . , m. 

Now consider the surface A„ = 7r _1 (7r o ip^' 1 (R u )) (the test surface - see [P5,6]) 
and its proper inverse image A* on Q. These surfaces are projective and, since T* 
is free, we get 

(D 2 ■ A*) > 0, 

where D is the class of ip^QH*]). On the other hand, setting L = -?/> _1 (.R u ), L = 
7r(L), we can write down (D 2 ■ A*) as 

MA ■ L) - /i 2 ((AKs. + C*) • L) - £ v 2 .(E® ■ L) 

(since for a generic u & U the curve i/;~ 1 (R u ) intersects all the T's transversally). 
At the same time, according to the remark above, 

(A- L) < - n){Ef • L), 



so that 



Since the intersection 



4/i(A ■ L) < 

<J2M^-^(Ef ] -L)< 



1,3 



<Y.<3^f-L). 



((4K S * + C*) • L) 
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is obviously nonnegative, we get a contradiction: 

(D 2 ■ A*) < 0. 

Q.E.D. 
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